In this paper we address a problem in differential geometry using tools from algebraic geometry and the theory of singular complex spaces. We obtain examples of compact four dimensional self-dual conformal manifolds with torus symmetry and positive scalar curvature from twistor spaces with divisors and we study the local moduli of such geometries.
Introduction.
Recall that a conformal 4-manifold is called self-dual if its Weyl curvature, considered as a bundle valued 2-form, is in the +1 eigenspace of the Hodge star-operator [1] . Due to Schoen's proof [19] of the Yamabe conjecture it is known that within any conformal class on a compact manifold is a metric whose scalar curvature is constant and the sign of this constant is a conformal invariant. The main objective of this paper is to ensure that the scalar curvature is positive for the self-dual structures on the connected sums nCP 2 of complex projective planes found in [13] . The metrics admit a torus T 2 of orientation preserving conformal isometries.
For self-dual metrics the total space Z of the bundle of anti-self-dual 2-forms of unit length is a complex 3-manifold. This complex manifold is the twistor space [1] and it gives an alternative description of self-duality. Indeed, Donaldson and Friedman [2] used a desingularisation of a singular model of the desired twistor space to prove existence of self-dual structures on nCP 2 . The self-dual metric on CP 2 is the Fubini-Study metric and the full moduli on 2CP 2 had previously been obtained [15] via a different twistor construction. In [13] we adapted the theory of Donaldson and Friedman to obtain equivariant connected sums of compact self-dual manifolds.
If the symmetry group is at least three-dimensional it is known [16] that the conformal metric is of non-negative type. In contrast Kim [7] obtained S 1 -symmetric examples of negative scalar curvature while LeBrun [11] gave examples on nCP 2 of positive scalar curvature and with symmetry group S 1 . These metrics were obtained via an ansatz involving monopoles on hyperbolic 3-space. Similarly, Joyce [6] obtained T 2 -symmetric metrics on nCP 2 of positive type using hyperbolic monopoles in two dimensions. These constructions give relatively easy access to knowledge about scalar curvature while such insight is absent from our equivariant smoothings [13] . However, it is known [3] that if the complex manifold Z carries effective divisors, then the corresponding metric is of non-negative type and if futhermore the intersection form of the 4-manifold is positive definite the scalar curvature is in fact positive [10] .
Kim and Pontecorvo [8] extended the work of Donaldson and Friedman obtaining a way of constructing scalar-flat Kähler surfaces based on relative complex deformations of singular twistor spaces with divisors of degree 1. We combine the equivariant and the relative smoothing programme to obtain a local moduli space of dimension n − 1 of T 2 -symmetric self-dual structures on nCP 2 such that the associated twistor spaces all have smooth degree 1 and 2 divisors. In particular, all these self-dual metrics have positive scalar curvature.
We also use our equivariant relative smoothing approach to obtain antiself-dual Hermitian metrics with non-semi-free circle action on the blow up (S 1 × S 3 )#nCP 2 , for n ≥ 3, of the Hopf suface in more than two points.
This should be compared with LeBrun's examples on the same spaces [12] but with semi-free circle symmetry.
The Geometrical Construction.
Our study of self-duality on a 4-manifold M takes place on the associated twistor space Z. As a smooth manifold Z is the total space of the sphere bundle S(Λ 2 − ) → M of the bundle of anti-self-dual 2-forms. Equivalently, Z is the total space of the bundle P (V − ) (2) . The zero set in the twistor space of a real holomorphic section of K − 1 2 is called a degree 2 divisor. Such a divisor S may either be irreducible, in which case it is smooth [14] , or it may decompose into a conjugate pair D,D of smooth degree 1 divisors meeting in exactly one twistor line [17] . Now, assume we have two self-dual manifolds M 1 and M 2 with associated twistor spaces Z 1 and Z 2 . Furthermore, assume Z 1 contains an irreducible degree 2 divisor S and let L 1 = L x 1 be a twistor line above x 1 ∈ M 1 meeting S transversely in a conjugate pair of points q andq. Also, let D 2 , D 2 be a conjugate pair of divisors in Z 2 meeting in the twistor line L 2 = L x 2 above x 2 ∈ M 2 . Then, following Donaldson = O(1). From an orientation reversing isometry φ :
and we construct the singular complex space Z =Z 1 ∪ φZ2 with normal crossing singularity along Q = Q 1 = φ −1 (Q 2 ). In Z we have the singular divisor S with normal crossing singularities along C = C 1 = φ −1 (C 2 ) and
Inspired by Kim and Pontecorvo [8] we now proceed to study smoothings of the pair (Z, S). The aim is to show that in some cases the connected sum has a twistor space with a degree 2 divisor. Let us introduce the necessary notation: If Y 1 , . . . , Y n are smooth submanifolds of a compact complex manifold X we consider the sheaf Θ XY 1 ,...,Yn of holomorphic vector fields on X which are tangent to Y i along Y i , i = 1, . . . , n. It is well known [9] that infinitesimal relative deformations are given by the first cohomology of this sheaf and that obstructions lie in the second cohomology. For a compact singular complex space X the deformation theory is described in terms of global extension groups
where Ω X is the sheaf of Kähler differentials and O X is the structure sheaf. These groups are computed from the sheaves τ i X = Ext i (Ω X , O X ) using the local to global spectral sequence E p,q [4] . Here T 0 X is the Lie algebra of the group of automorphisms of X , the first order deformations lie in T 1 X and obstructions are in T 2 X . For normal crossings τ 2 X = 0 and the local to global spectral sequence is given as
In the situations we are going to investigate, we have H 1 (τ 1 X ) = 0. Furthermore, we impose conditions implying the vanishing of H 2 (τ 0 X ) so that T 2 X = 0 and the deformations are unobstructed and parametrised by T 1 X . The subspace H 1 (τ 0 X ) corresponds to deformations for which the singularities remain locally a product. If the image of an element in the projection
does not vanish the corresponding deformed space is smooth. Furthermore, for X equal to the singular twistor space Z the smoothing results in a twistor space with real structure [2] .
The singular theory above will be applied to X = Z and X = S. To study deformations of the singular pair f : S → Z we employ the theory of Ran [18] 
where T i f is a natural derived functor and T 1 f gives infinitesimal deformations of the singular pair. Also, T 0 f is the Lie algebra of the symmetries of the pair (Z, S) and T 2 f is the obstruction space. For pairs (X , Y) of complex spaces we also have the sheaf τ 0 X Y of derivations of X preserving the ideal sheaf of Y. This sheaf of relative derivations coincide with Θ XY for pairs of smooth manifolds. From inclusions and restrictions we obtain the exact sequence
In the associated sequence on cohomology
the first term corresponds to deformations for which the singularities remain locally a product so H 1 (τ 0 X Y ) sits naturally inside T 1 f . Call the quotient space ∆. Then we have the short exact sequence
Now put together (2.1) with X = Z and X = S, (2.2), (2.3), (2.5) with X = Z and Y = S and (2.6) to get the following commutative diagram.
The morphism α is the quotient of the morphism T 1 f → T 1 S ⊕ T 1 Z and the squares in the diagram are commutative by naturality. The row with the morphisms α and β needs more explanation: The sheaf τ 1 Z is supported on Q ⊆ Z and is the sheaf of sections of NZ Now we shall make the following assumptions which are satisfied in examples to be considered later: Assumption 2.1. In the case where the degree 2 divisor is irreducible we assume the vanishing of the following cohomology groups:
We shall show how these assumptions lead to the vanishing of 
Furthermore, we get a diagram similar to (2.7) and as in the case where S is irreducible the smoothing is unobstructed. However, we do not control the singularities of S along L. Therefore, a smoothing of Z may produce an irreducible smooth degree 2 divisor. We shall discuss this problem at the end of Section 5.
Symmetries.
In this section we assume M 1 and M 2 have a torus group T 2 of orientation preserving conformal transformations with fixed points x 1 and x 2 respectively.
Furthermore, the orientation reversing isometry φ :
, used to make the connected sum, is assumed to be an equivariant map. In this situation we proved in [13] that if the smoothing is unobstructed then also the equivariant smoothing is unobstructed. We refer to that paper for details. Now we want to impose the symmetries onto the relative smoothing described in Section 2.
Recall [13] that we may choose metrics in M 1 and M 2 for which the torus acts as isometries. Therefore, the isotropy representation ι at the fixed points map into SO (4) . Also, the symmetries lift to the twistor space to give real holomorphic automorphisms. If x 1 is a fixed point in M 1 , and L 1 is the twistor line with normal bundle N , then the well known isomorphisms from twistor theory
are equivariant. This means the isotropy representation on the complexified tangent space coincide with the induced holomorphic action on the sections of the normal bundle and with the tensor product ι
Here ι ± are defined modulo Z 2 from the isotropy representation ι and the projections onto the factors of SU (2) × SU (2) .
Since the twistor line L 1 intersects the divisor S transversely at two distinct points, we assume that S is reducible to D 1 +D 1 when we consider the twistor geometry in a neighbourhood of L 1 . Now suppose the divisors
On the other side we have L 2 = P (V − x 2 ) and the normal bundles ND
and this is a decomposition into invariant subbundles. From twistor theory we have N
and similarly withD. Recall the fact [13] 
Likewise we shall need the following:
Proof. Since the singularity is a normal crossing we have
is ι − ⊗ ι * + and we get the trivial action on
Vanishing Theorems and the Unobstructed Case.
We consider an irreducible degree 2 divisor S and address the problem of proving the vanishing of
. This will lead to a theorem on the unobstructed T 2 -equivariant relative smoothing.
First some technical lemmae:
We may assume U is a coordinate patch where the vanishing x 1 = 0 of the first coordinate defines Y . Therefore
is exact and it follows that H 1 (U, Θ XY ) = 0.
Proof. We drop the subscript "i". The direct image sheaf b * ΘZ is isomorphic to Θ ZL via the differential of b
and from the sequence
Conversely, let L be given in local coordinates (
The lemma now follows from the Leray spectral sequence [4] if we can prove that the sheaf R i b * (ΘZ) vanishes for all i ≥ 1 where
Now, let us study the cohomology groups H j (τ 0 ZS ). Let Z , S be the normalizations of Z, S respectively and let also Q denote the disjoint union of Q 1 and Q 2 . Then we have the following sequence on Z
where q : Z → Z is the identification map and i : Q → Z is the inclusion. 
Proof. This follows from the Leray Spectral sequence if we can prove the vanishing of R i q * Θ Z S Q , i ≥ 1, or equivalently we need the vanishing of
) and
which is exact by the transversality of Q 1 andS: Choose coordinates (x 1 , x 2 , x 3 ) such that x 1 = 0 definesS and x 2 = 0 defines Q 1 . Then on
) where r is the restriction onto Q 1 and the exactness is now easily seen. Then, from Lemma 4.1 and the sequence (4.2) we get .2) is true on the level of presheafs we have also the vanishing for i = 1. The vanishing of
), i ≥ 1, may be obtained as above by choosing U 2 so small that it meets onlyD 2 (orD 2 ). 
Lemma 4.4. For all
which is onto by evaluation. From the proof of Lemma 4.2 we also have
is onto. However, it is not hard to describe the vector fields on b −1 1 (U ) in local coordinates on patches V 1 , V 2 as in the proof of Lemma 4.2 and to see that the map is surjective. Now, as
is onto which again is seen using local coordinates on b
Similarly we have:
) vanishes for i ≥ 1: First we prove the vanish- 
) , j ≥ 1 is seen using the Leray cover V 1 , V 2 . Also, using coordinates on V 1 , V 2 we can show that vector fields may be lifted so we have surjectivity of
) .
Then the short exact sequence gives
2D2D2 Q 2 ) = 0, j ≥ 1, and we have proved the lemma.
To make use of the sequence (4.1) we prove the following lemma. 
is surjective so H 1 (Q, Θ QCC ) = 0.
We are now able to prove the vanishing of the relative obstruction group.
The second summand vanishes due to the assumption. Consider the exact sequence
and also H 2 (Z 1 , Θ Z 1 S ) = 0 so the first summand also vanishes.
As explained in Section 2 we also need the following vanishing results.
Proof. Consider the normalization in the following sequence
Then, from Lemma 4.1 and the Leray spectral sequence, we get
From the sequence
which vanishes by assumptions. This was just a repetition of the result of Donaldson and Friedman [2] .
Next we concentrate on the divisor. Again we have a normalization sequence
Lemma 4.1 together with the Leray spectral sequence give
). Then as Θ C 2 = O(2) the long exact sequence associated to (4.7) gives
which vanishes by assumptions.
This ends our proof of the fact that under the general Assumption 2.1, the twistor space of the connected sum M 1 #M 2 has an irreducible degree 2 divisor.
Finally we want to summarize and at the same time bring the symmetries back into considerations.
Theorem 4.9. Let M 1 , M 2 be compact self-dual conformal 4-manifolds with torus symmetry and fixed points. Assume the isotropy representations at the fixed points are intertwined via an orientation reversing isometry. If the Assumption 2.1 is satisfied for T 2 -invariant divisors S, D 2 andD 2 , then there is a complex equivariant smoothing of the singular twistor space Z and the singular divisor S into a twistor space with torus action and an invariant irreducible degree 2 divisor.
Proof. Due to the equivariance of the various sheaf morphisms we get an analogue of diagram (2.7) where the morphisms are betweeen the G-invariant part of the groups. Consider the vanishing results in Propositions 4.7 and 4.8. The spectral sequence (2.1) now gives the vanishing of the obstruction spaces T 2 Z and T 2 S . Then, chasing the diagram (2.7) gives surjectivity of the morphism γ so T 2 f = 0. Therefore, any element ω in the complement of the hyperplane H 1 (τ 0 ZS ) of T 1 f gives smoothings of Z and S as ω maps to non-zero elements in H 0 (τ 1 S ) and H 0 (τ 1 Z ). Thus we obtain a smooth twistor space with an irreducible degree 2 divisor. Together with Lemma 3.1 this shows that there are T 2 -equivariant deformations of Z and S.
Remark. We can also prove H 2 (τ 0 Z|S ) = 0 if we assume that each component M i , i = 1, 2, has positive scalar curvature. As this vanishing result is not used in this paper, we only give a short outline of the proof: Start with the normalization sequence
We study each component in this sum. From the sequence
and the vanishing
2 ), j ≥ 0. Then, due to the positive scalar curvature and the vanishing results of Hitchin [5] , the sequence ) we proceed as above with sequences similar to (4.9), (4.10), (4.11) and the use of vanishing results due to the positive scalar curvature of M 2 . Thus we have H 2 (S, q * Θ Z Q |S ) = 0 and (4.8) then gives H 2 (S, τ 0 Z|S ) = 0.
A Local Moduli Space of Self-Dual Metrics on nCP 2 .
We shall continue our study [13] of the local moduli of T 2 -symmetric selfdual structures on the connected sums of n copies of the complex projective plane. As in [13] it is assumed that the only orbits are tori on which T 2 acts freely, circles stabilized by some S 1 -subgroup inside T 2 and isolated fixed points. We construct nCP 2 from CP 2 by attaching planes step by step and at the same time keeping divisors and symmetries. However, let us take the general approach a little further in the case of an irreducible degree 2 divisor.
From the equivariant version of (2.7) we get the sequence
Similarly (4.1) and Lemmae 4.3, 4.4, 4.5 and 4.6 give the sequence
Furthermore, from (4.5) we have the sequence
Thus, putting (5.1), (5.2) and (5.3) together, we get a formula for the dimensions:
the real vector space of T 2 -invariant tangent vectors at x 1 and let C(T 2 ) denote the Lie algebra of the centralizer of T 2 in SO(3) × SO(3). Then
Proof. We have used the Kodaira equivalence (3.1) between sections of the normal bundle of the line L 1 in the twistor space and tangent vectors at the corresponding point x 1 in M 1 . The symmetry group T 2 sits in SO (3)×SO (3) via the composition of the isotropy representation i : T 2 → SO(4) and the representation of SO(4) on Λ 2 + ⊕ Λ 2 − . Now we need a series of lemmae which will ensure that we have the general Assumption 2.1 satisfied and will make it possible to find the number dim(T 1 f ) T 2 in the case of irreducible degree 2 divisors in the connected sums of complex projective planes.
Lemma 5.2. Let Z 2 be the twistor space of CP
Proof. The space H 0 (Z 2 , Θ Z 2 ) is generated by the complexifications SU (3) C of the lifts of the isometries on CP 2 to the flag
consists of the vector fields generated by the group that leaves D 2 ∪D 2 invariant. For D 2 given by v 0 = 0 andD 2 by 0 = 0 it is clear that H 0 (Z 2 , Θ Z 2 D 2D2 ) must contain and therefore be equal to the maximal subalgebra u(1) ⊕ su(2) C of su(3) C . Since Z 2 is a flag manifold and D 2 is the blow-up of CP 2 at one point,
Lemma 4.5 and the vanishing of
and the conjugate part. This follows because NZ
Identify D 2 to the blowup of CP 2 at one point with hyperplane class H and exceptional divisor 
Proof. The vanishing of H 2 (S, Θ S ) follows because H 2 (Z, Θ Z ) = 0 and because S is contained in Z with positive normal bundle. H 0 (Z, Θ ZS ) T 2 contains at least the algebra generated by T 2 as S is invariant and for the generic S described above where λ i = λ j , i = j, the symmetry group can at most be two dimensional. With Lemma 5.2 and the discussion above in mind, the lemma is proved.
Note that in order to fulfill all the vanishing conditions stated in Assumptions 2.1 and 2.2 we still need to prove H 2 (Z, Θ ZS ) = 0 for the flag manifold Z. This could be done, mutatis mutandis, as for Θ ZDD in Lemma 5.2. However, as we focus on the T 2 -equivariant situation we only prove the vanishing of the T 2 -invariant part of this cohomology group. Indeed it follows from the next more general lemma. 
Proof. It is known [14] that S is the blow-up S n of a real quadric S 0 n times in a pair of conjugate points. Let b k : S k → S k−1 , 1 ≤ k ≤ n, be the blow-down map from the blow-up of S 0 k times to the blow-up k − 1 times.
The torus action has only isolated fixed points on S n so the action on S k , 1 ≤ k ≤ n, induced by blowing down, also only has isolated fixed points. Therefore, the points q k−1 ,q k−1 of blowing-up from S k−1 to S k is at the intersection of invariant divisors. For topological reasons the action on S 0 has four isolated fixed points.
) is given as nontrivial rotations on each factor: Let q k−1 ∈ S k−1 and let A, B be two invariant divisors such that q k−1 ∈ A ∩ B and such that in local coordinates (z 1 , z 2 ), A is given by z 2 = 0 and B is given as z 1 = 0. As the T 2 -action does not have 2-dimensional fixed point set but only isolated fixed points, we may assume the action on
. This action will not be trivial due to the assumption p 1 q 2 − p 2 q 1 = ±1. On the blow-up the action is (e iΦ 1 , e i(Φ 2 −Φ 1 ) ) near the intersection of the exceptional divisor and the proper transformÃ and nearB it is (e iΦ 2 , e i(Φ 1 −Φ 2 ) ). Therefore the weights must be linear independent at all the points q k−1 .
Thus 
The weights of the induced T 2 -action vanishes on s 2 0 t 2 0 and is of the form nΦ 1 + mΦ 2 on the eight other monomials. We claim that s 2 0 t 2 0 is the only invariant section: Note that if the weights (Φ 1 , Φ 2 ) of the isotropy representation at [1, 0] , [1, 0] ∈ S 0 are linearly dependent then the weights of the isotropy representations at the other three fixed points on S 0 are also linearly dependent. Since the weights at the fixed points of the T 2 -action on the blow-up are linear combinations of Φ 1 and Φ 2 the weights on S will be linearly dependent too. It follows, by restricting the twistor projection onto S, that on nCP 2 there is a fixed point where p 1 q 2 − p 2 q 2 = 0 which is a contradiction.
We are now able to find the number dim(T 1 f ) T 2 in a concrete example. 
Lemma 5.3 and upper semicontinuity gives
From the sequence (5.8) and Lemma 5.4 we get
. Now, putting all these data into the formula in Proposition 5.1, we get dim(T 1 f ) T 2 = n which by upper semi-continuity coincide with h 1 (Z, Θ ZS ) T 2 for the smooth twistor space Z of nCP with smooth irreducible degree 2 divisor S.
Thus, we may summarize and formulate the following result concerning the local moduli space of self-dual structures on nCP 2 constructed in [13] . 
Proof. Note that we have ensured that all twistor spaces have symmetry group of dimension 2 so a local moduli space is well-defined.
To prove this theorem, we need to prove that the deformation is target stable [18] . By taking the second components of the maps from the first column to the second column in diagram (2.7), we have
The target stability is equivalent to δ being surjective. Sinceα is the identity map, δ is surjective if ε is surjective.
By Lemma 5.3 and upper semi-continuity, the exact sequence (5.2) gives the isomorphism
Also (5.3) gives the isomorphism
Similarly, one has the isomorphisms [13]
Since the two compositions
are induced by normalizations and restrictions, the inclusions induce a commutative diagram
By (5.9), λ is surjective. Therefore ε is surjective. Thus, the local moduli space obtained in [13] does indeed correspond to twistor spaces carrying divisors as claimed. Therefore the corresponding Yamabe metrics are of non-negative type [3] . In fact the scalar curvature must be positive because the intersection form for nCP 2 is positive definite [10] . The fact that we may assume the S 1 subgroups are all non-semi-free was proved in [13] .
Turning to the problem of finding degree 1 divisors we first prove: Proof. Assume on the contrary that S is irreducible. Then S is the blowup of a quadric surface with L a smooth fiber [14] . In particular it does not pass through any points of blowing-up and this implies that L is not invariant: On the quadric the only T 2 -invariant curves are the two conjugate pair of generator lines passing through the four fixed points which are the only points of blowing-up as S has T 2 -symmetry. Proof. Let V 1 , V 2 be a pair of independent holomorphic vector fields generated by the torus action on the twistor space Z. Since S is invariant the restrictions of V 1 and V 2 to S are tangential to S. Therefore we have an
S ). We claim that this section is nontrivial. From Lemma 5.7 L intersects S transversely at q,q. Since the T 2 -action only has isolated fixed points, there exist complex coordinates (z 1 , z 2 ) centered at q such that the T 2 -action is given as (e inθ z 1 , e imψ z 2 ) with n and m both non-zero. Thereforeŝ = nmz 1 z 2 2 ) is T 2 -invariant. Every element of this system contains q andq and we may choose an element S ∈ |V| containing p ∈ L where p = q and p =q. As S is of degree 2 it also contains L. We may assume S is real. The divisor S is invariant, otherwise as L is invariant, L would be contained in the base locus of the system |V| but S does not contain L. Then by Lemma 5.7, S must be reducible. Remark. Given a T 2 -symmetric twistor space over nCP 2 with an invariant reducible degree 2 divisor as above, we construct T 2 -symmetric singular twistor spaces with degree 2 divisors over (n + 1)CP 2 as outlined at the end of Section 2. As in Section 4, mutatis mutandis, we can prove that the obstructions to the equivariant relative smoothing vanish provided Assumption 2.2 is satisfied. The cohomology group H 2 (Z i , Θ Z i ) vanishes by upper semicontinuity. The groups
is proved to vanish as outlined at the end of the paper. However, as we do not control the singularity of the degree 2 divisors in the smoothing process, we cannot conclude a priori that there are reducible degree 2 divisors after the smoothing. Furthermore, the notion of local moduli becomes dubious when the degree 2 divisor is reducible. We do not pursue this issue. However, the existence of reducible degre 2 divisors is secured by Corollary 5.9. This has applications as shown in the next section.
6. Anti-Self-Dual Hermitian Surfaces.
In [13] we constructed self-dual metrics on (S 1 ×S 3 )#nCP 2 , n ≥ 3, such that the symmetry group is S 1 and the action is non-semi-free. We begin with a . We attach A 1 to A 2 via an orientation reversing isometry and of course using the smoothing of the twistor space. Note that the isotropy representation of P 0 is (e iθ x, y) while near P ∞ it is (e −iθ x, y). Therefore, we may consider the possibility of making a self sum by identifying P 0 and P ∞ . Note that at this stage the S 1 -action is semi-free but if we equivariantly attach a CP 2 to P 2 we get a S 1 -symmetric 3CP
2 with non-semi-free action and we can still make a self-sum at P 0 and P ∞ . Indeed we can go on attaching more CP 2 -blocks away from P 0 and P ∞ and then make a self-sum at P 0 and P ∞ to obtain self-dual structures on (S 1 × S 3 )#nCP 2 , n ≥ 3, with non-semi-free S 1 -symmetry.
To get a complex structure on (S 1 × S 3 )#nCP 2 compatible with the conformal metric but with opposite orientation we bring in the relative smoothing: Due to Corollary 5.9, we may assume that on nCP 2 we have a non-semi-free S 1 -symmetric twistor space with a reducible divisor D +D such that D ∩D = L P 0 and such that the twistor line above P ∞ intersect D andD transversely. Then make an equivariant self-sum at P 0 , P ∞ relative to the divisor D +D. Following the notation from Section 2 we have curves C 1 ,C 1 inD,D above P ∞ . Also, there are curves C 2 ,C 2 above P 0 which are both mapped onto L P 0 by the blowing-down. Proof. We claim the isotropy data ensures that C 1 inD is identified to C 2 iñ D and not toC 2 inD: On 2CP 2 we have the four fixed points P 0 , P 1 , P 2 , P ∞ .
We draw the spheres between points as lines and get a diagram:
Here the numbers represent the weights of the S 1 -action along the spheres near the fixed points. These numbers are easily obtained from the information above about the S 1 action. The twistor space of CP 2 was described in (5.4) . We see that the twistor line L P 0 is given by v 1 = 0 = 1 and the divisor corresponds to v 1 = 0 and its conjugate corresponds to 1 = 0. Note that π maps the whole line L P 0 to P 0 and otherwise is an orientation reversing equivariant diffeomorphism. Therefore, by comparing with the data (6.1) on 2CP 2 , we obtain the full isotropy data on D: , w) gives the orientation change on the divisor and it is now clear that a is identified to α, and b to β. This shows that we need to attach C 2 to C 1 andC 2 toC 1 . For nCP 2 , in a neighbourhood of the invariant sphere joining the fixed points P 0 and P ∞ , the isotropy data is identical to the 2CP 2 case. Therefore, the arguments above can be applied to prove the claim also for nCP 2 .
It follows thatD andD are glued to themselves respectively. Therefore, the singular divisor S in the singular twistor space Z is a disjoint union of two degree 1 divisors D andD. In the next paragraph, we prove that the obstructions to smoothing the pair (Z, S) vanish. The resulting smooth twistor space carries a conjugate pair of disjoint degree 1 divisors intersecting all twistor lines transversely. This pair corresponds to complex structures ±I on (S 1 ×S 3 )#nCP 2 compatible with the metric but inducing the opposite orientation.
To prove that the obstructions to the S 1 -equivariant smoothing of the pair (Z, S) vanish, we proceed as in 
